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Summary—The Suhl and Walker approximation for the propa-
gation constant of the quasi-TEM mode in ferrite-filled parallel
plane waveguide has been applied to the ferrite-filled coaxial line.
The approximation is compared to exact solutions for a coaxial line
filled with a lossless ferrite with close agreement,

The propagation constant of the quasi-TEM mode is determined
by measuring the complex reflection coefficient of a plane ferrite-air
interface. The « and 8 are compared to the Suhl and Walker ap-
proximation with losses, and qualitative agreement is found.

In order to relate the measured values to the propagation con-
stants, the boundary value problem of the reflection from a plane
ferrite-air interface is investigated. Expressions are derived which
relate the real and imaginary parts of the propagation constant in the
ferrite to an approximation to the complex reflection coefficient of
the TEM mode in the empty line.

INTRODUCTION
&_ NUMBER OF AUTHORS have described de-

vices constructed by completely filling a coaxial

line with a ferrite and applying an axial magnetic
field. These devices are proposed for use as filters [1],
switches [2]-[4], and phase shifters [5], [6] at .S and L
bands. Since no theoretical results were available for the
ferrite-filled coaxial line,' these authors interpreted the
behavior of their devices by means of the Suhl and
Walker approximation [7]for the closely spaced, ferrite-
filled, parallel plane waveguide.

The Suhl and Walker approximation was derived by
considering a parallel plane waveguide filled with a loss-
less ferrite biased by a magnetic field in the direction of
propagation. When the spacing between the conducting
planes is small, the propagation constant for the quasi-
TEM mode is given by a simple expression. The argu-
ment for applying the results of an analysis of the
parallel plane waveguide to the coaxial waveguide is
that the coaxial line can be “unrolled” [4] to give a
parallel plane system.

Kales [8] and Epstein {9] have presented theoretical
techniques for solving the boundary value problem.
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Kales did not consider the ferrite-filled coaxial line in de-
tail, but Epstein developed a determinantal equation
for the propagation constant. We have solved the de-
terminantal equation for the quasi-TEM mode by
numerical methods.

The deviation of the approximation from the exact
solutions is presented as a function of magnetic field for
a given spacing between the conductors and as a func-
tion of spacing for a given magnetic field.

The propagation constant in a ferrite filled coaxial line
is measured for several frequencies as a function of
magnetic field. The technique used to measure the
propagation constant is to observe the reflection of the
TEM mode {rom a plane ferrite-air interface. The re-
sults of the measurements are then compared to the
Suhl and Walker approximation when loss terms are in-
cluded.

The fields of the quasi-TEM mode at a ferrite-air
interface are expanded in terms of the empty coaxial
line modes. The relation between the propagation con-
stant in the ferrite and an approximation to the TEM
mode reflection coefficient at the interface is found.

THEORETICAL SOLUTIONS FOR THE
ProracaTioN CONSTANT

The general field equations for any mode in a ferrite-
filled coaxial line are given in Appendix I. Setting n=0
in the general field equations yields the expressions for
the quasi-TEM mode and all higher symmetrical modes.
The propagation constant of the quasi-TEM mode is
found by solving the determinantal equation for spac-
ings between the inner and outer conductors so small
that all higher modes are cut off.

The tangential electric fields for the quasi-TEM mode
and all higher symmetrical modes are

Eg, = 2 512{C¢Y0(Si7’> + C?o(S,r)}

=1
2 7 SiE — o

E¢ = Z M—Tyk;tlsi{c1yvol(5,1’) + ,;YQI(S,'V)}. (1)
=1

If the inner radius is R; and the outer radius is R, the
boundary conditions are that the tangential electric
field be zero at »=R; and r= Ry. Applying the boundary
conditions yields a set of four linear, homogeneous
equations in the coefficients C; and C;. In order to find
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nontrivial solutions, the determinant of the coefficients
of the Ci's and C,’s must be equal to zero. The determi-

nantal equation is therefore

S12 Yo(SlRl) 512?0(51R1)
SIZ Yo(Sle) 51270(51R2)

(512 —_ G)Sl Yo,(SlRO (512 - a)Sngl(SlRl)

(512 _ O)Sl YU/(Sle) <S12 - G)Sll_/()/(SIR?)

Eq. (2) is a transcendental equation in the propaga-
tion constant since the separation constants, .51 and S,,
are functions of the material parameters and the
propagation constant. The zeros of the determinant will
occur for the values of the propagation constants of the
symmetrical modes.

It should be noted that there are two false zeros of (2).
If either S1=0 or S» =0, this equation is identically zero.
However, except for discrete values of R; and R,, the
C.’s and C.'s must be zero to satisfy the boundary condi-
tions. These false zeros correspond to Kales' trivial solu-
tions.

For the lossless case, the separation constants are either
pure real or pure imaginary. In the former, the un-
modified Bessel functions are used and in the latter, the
modified Bessel functions. When losses are included, the
separation constants become complex, and thus each
V.(x) and V,(x) also becomes complex. No attempt was
made to consider this case exactly.

Numerical solution of (2) was carried out on an IBM
709 digital computer. The material parameters for a
commercially available ferrite, Trans-Tech TT-414,
were used (¢,=11.5, 47 M, =680 Gauss), the inner and
outer radii were chosen for 50 ohm coaxial line
(R1=0.125 inch and R./R;=2.25), and the frequency
was 1.5 Gc. The computations were made by holding
the frequency, material parameters, geometry, and
magnetic field constant and computing values of (2)
for small steps of propagation constant. The magnetic
field and propagation constant were normalized to the
resonant field and jw+/me respectively. The solutions
were found by noting the interval of propagation con-
stant in which the determinant changed sign. Then the
Suhl and Walker approximation, given by

2 B2 jli2
I

and shown in Fig. 1, was compared to the exact solu-
tions. Exact solutions were calculated as a function of
magnetic field for constant spacing between conductors

and as a function of spacing for constant magnetic
field,

(522 — G)Sz Yn/(Sle)

(Se? — a)S2 V¢ (S2Ry)
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S2*Yo(SeRy) S22 T o(SaRy)

Sa2Vo(SeRy) S92 T o(SaRy)
=0, (2)
(522 —_ d)Sz?ol(Sle)

(522 —_ (Z)SQV()/ (SzRg)

When R;=0.125 inch and Ry/R;=2.25, the Suhl and
Walker approximation was found to deviate from the
exact solutions by 3.7 per cent for H,=0.75 and by less
than 0.03 per cent for H,=3.0.

When R;=0.125 inch and H,=1.2, the Suhl and
Walker approximation was found to deviate from the
exact solutions by less than 0.5 per cent for Ry/Ry=2.25
and by 6 per cent for R;/R;=6.5. The latter spacing is
that for which higher order symmetrical modes begin to
appear. For the same inner radius and for H,=2.0, the
Suhl and Walker approximation deviated from the
exact solutions by less than 0.2 per cent for R;/R;=2.25
and by less than 0.75 per cent for R;/R;=17.5, the spac-
ing at which higher symmetrical modes appear for this
magnetic field.

The results of the numerical analysis show that the
Suhl and Walker equation is a close approximation to
the propagation constant of the quasi-TEM mode for
the lossless case. The approximation is especially valid
for magnetic fields much larger than the resonant field,
and for close spacing between inner and outer con-
ductors.

However, losses are always present to some extent,
and, in the vicinity of the resonant field, the loss terms
may become large. Therefore, as a first approximation
to the lossy case, phenomenological loss terms will be
placed in the Suhl and Walker equation.

When losses are present, the elements of the u tensor
become complex.

w=u = ju’
E=F — jk'. (4)

The real and imaginary parts can be calculated by
means of the expressions given by Lax and Button (see
page 154 [10]).

When the losses as given in (4) are substituted into
(3), the phase constant behaves as in Fig. 2. The result
for a linewidth of 100 cersteds (the nominal linewidth of
TT-414 ferrite measured at 3 Gc¢) is compared to the
lossless approximation. The effect of placing loss terms
in (3) eliminates the low-field cutoff region. When larger
linewidths are used, the 3-H curve is smoothed out.
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Fig. 1—The Suhl and Walker approximation for the lossless case.
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Fig. 2—The Suhl and Walker approximation with losses.
Linewidth=100 oersteds.

EXPERIMENTAL MEASUREMENT OF THE
PrROPAGATION CONSTANT

The experimental investigation was conducted to
find the range of magnetic fields in which the Suhl and
Walker approximation describes the behavior of a co-
axial line filled with a lossy ferrite. The propagation con-
stant was measured in a ferrite-filled section and com-
pared to the approximation.

Two techniques that were tried were: 1) measuring
the standing wave in a section of ferrite-filled line, and
2) observing the resonances of a ferrite-filled coaxial
transmission cavity. These techmiques failed when large
losses were present.

The chosen experimental technique, used to measure
the propagation constant, was to observe the reflection
of the TEM mode from a plane ferrite-air interface. A
ferrite sample with plane endfaces was placed in the
coaxial line with a slotted line two or more wavelengths
from the sample. The VSWRiand position of the mini-
mum were measured in the slotted line as the magnetic
field was varied. In Appendix II the relations between
the approximate complex TEM mode reflection coeffi-
cient of the interface and the propagation constant of
the quasi-TEM mode in the ferrite are derived. The
magnitude and angle of the reflection coefficient were
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Fig. 3—Experimental apparatus.

reduced by means of the results of Appendix 11, (21)
and (22), to yield the real and imaginary parts of the
quasi-TEM mode propagation constant in the ferrite.

The results from this method were compared to the
wavelengths measured using a ferrite-filled coaxial
transmission cavity, and agreement was found.

Since multiple reflections would introduce errors, it
was necessary to terminate the ferrite-filled section. The
method of termination was to place only the first end-
face of the ferrite sample in the magnetic field. The
sample, which was 19 ¢m long, was allowed to protrude
from the end of the biasing solenoid. Therefore, the
terminal end of the ferrite was placed in low-field, high-
loss operation. The absence of multiple reflections was
checked by changing the position of a sliding short in the
line past the terminal end of the ferrite. No significant
variation of the VSWR in the line in front of the sample
was noted.

The experimental investigation was carried out for
frequencies in the range of 0.6 to 2.0 Gc. The coaxial
line had an inner diameter of 1 inch and an outer
diameter of 9/16 inch and was filled with Trans-Tech
type TT-414 ferrite. The microwave source was 1000
cycle square wave modulated, and the receiving system
included a tuned, 1000 cycle narrow-band amplifier.
Fig. 3 shows the experimental arrangement.

The current which produced the biasing field was
controlled by a GE 1.5 kw amplidyne with appropriate
feedback. This arrangement made it possible to vary the
current in the load from 0 to 10 amperes by changing
the current in the control windings of the amplidyne
from 0 to 15 ma.

The axial magnetic field was varied from 0 to 1000
oersteds. This biasing field was produced by a solenoid
18 inches long wound on a water jacket with an inner
diameter of 2 inches. A current of about 10 amperes was
necessary to produce a field of 1000 oersteds. Sustained
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operation at high currents was possible only when the
solenoid was packed in ice.

In order to minimize the effects of incomplete satura-
tion, the ferrite was saturated by first raising the mag-
netic field to 1000 oersteds and then reducing it to zero.
The field was then increased in steps of 50 oersteds and
the complex reflection coefficient was measured. The
results for a typical run are shown on a Smith chart in
Fig. 4.

As the magnetic field increases from zero to well above
resonance, the VSWR first increases, then decreases, to
the neighborhood of 1.0, and finally increases again.
The phase of the complex reflection coefficient changes
in a counterclockwise direction on the Smith chart as
the magnetic field increases. The initial and final phases
varied as a function of frequency. In most cases, the
initial phase moved clockwise as the frequency was
raised.
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The data were reduced by means of (21) and (22) to
find the real and imaginary parts of the propagation
constant in the ferrite. The attenuation constant is
shown in Fig. 5 and the phase constant in Fig. 6. As
expected, the magnetic field for maximum loss and the
magnetic field for most rapid change of the phase con-
stant were found to increase with increasing frequency.

The results for 1.0 Gc are compared to the lossy Suhl
and Walker approximation in Figs. 7(a) and 7(b).
TT-414 ferrite has a linewidth of 100 oersteds at .S band.
However, at 1.0 Gg, in a coaxial line, the ferrite behaves
as if the linewidth were about 300 oersteds.

The experimental «, shown in Fig. 7(a), is larger than
the approximate theoretical c. Both curves extend over
the same range of magnetic fields, though the experi-
mental curve has a narrower maximum at a slightly
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higher magnetic field than the approximate curve.

The phase constant 1s shown in Fig. 7(b). In the low
field region, below 200 oersteds, the approximate and
experimental values are in substantial agreement. The
experimental curve shows a rapid increase in 8 from 200
to 350 oersteds, whereas the approximate theory pre-
dicts a rapid increase between 300 and 400 oesteds.
The experimental data above 400 oersteds decreases
with a slope that approaches the theoretical slope.

CONCLUSIONS

The theoretical solutions for the propagation constant
of the quasi-TEM mode for the lossless case show that
the Suhl and Walker equation is a close approxima-
tion to this case. However, the propagation constant
measured experimentally shows qualitative agreement
with the lossless approximation only for magnetic fields
several times the resonant field. When loss terms
are placed in the approximation, the result agrees
qualitatively with the experimental results for all mag-
netic fields as in Fig. 7, though quantitative disagree-
ment is noted.

Several ferrite-filled coaxial line devices were referred
to in the introduction of this paper. The phase shifters,
being transmission devices, are operated in ranges of
magnetic field for which « is small. For these magnetic
fields, the lossless approximation holds, and can be ex-
pected to produce good results. The switches are
operated between ranges of magnetic field for which « is
large, and fields for which « is small. Since the range of
fields in which the lossless approximation predicts cutoff
is very nearly the same as the range in which the lossy
approximation predits large @ and in which themeasured
«is large, the lossless approximation can be used success-
fully to design switches.

ArPPENDIX 1

GENERAL FIELD EQUATIONS FOR A FERRITE-
FiLiep Coaxial LINE

The theoretical solutions for ferrite-filled cylindrical
waveguide with axial magnetization are well known
[8]-[11]. The special case of the completely filled co-
axial line is presented explicitly by Epstein [9] and is
implied by Kales [8]. The equations for the fields in a
ferrite-filled coaxial line with axial magnetization are
given below in Kales’ notation, and for convenience, the
separation constants Sy and S, are defined as the square
roots of Kales' separation constants. The functions
Y,.(x) and ¥.(x) are Bessel functions of the first and
second kinds respectively.

2
E, = 2, S2[C.YV.(Si#) + C.T.(Sr)]etie

—I;——fl- S2CYu(S) + TiTul(S)]ex
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[C.Yu(S#) + CTu(Sw)]

TI).
—

iu(S?: — a) ——
+ ﬂ—k“‘iSi[CiY"’(sﬂ’) + CiYn,(Szr)]} eijnd:
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HT = Z {—nwe[clyn(szr) + C@I_,;L(Sﬂ'>]
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S, -
+ @+ - S5) - [C.V./(Sw) + CiYn’(Sir)]e} eEiné
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o

Hy = Z{(52+ v =82 Ll [C.¥.(S) + CTuS )]
i1 wkr
— jweSz[CiYn'(Sir) -+ 65?,;'(5,1’)] } gtiné
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c= B+
i
k
d = — wey —
I

where 32= +w?ue, B'2= +w?ke, and pu, k, and u, are ele-
ments of u tensor.

ArpENDIX 11

AN APPROXIMATION TO THE REFLECTION OF THE
TEM MODE FROM A FERRITE-AIR INTERFACE

A plane ferrite-air interface, S, is located at =90 in a
coaxial line as shown in Fig. 8. The ferrite is saturated
by a z-directed magnetic field, and a TEM wave is inci-
dent upon the interface in the empty coaxial line. The
ferrite-filled section is assumed to be terminated with
no reflections.

At the surface S, the tangential fields in the ferrite will
be expressed in terms of the tangential components of
the empty coaxial line modes. The product of the fields
with the TEM mode conjugate will be formed, and the
fields will be integrated across the surface. The co-
efficients of the TEM mode, 4, and By, will be approxi-
mated by neglecting all modes in the ferrite except the
quasi-TEM mode. The approximate reflection co-
efficient of the TEM mode will be expressed in terms of
Aq and Bg. The relationship between the approximate
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fe—

form of the complex reflection coefficient and the
propagation constant of the quasi-TEM mode in the
ferrite will be established.

At the surface S, the tangential componets of £ and
T must be continuous. Since the incident wave is sym-
metrical, and since the interface introduces no asym-
metries, only symmetrical modes will be excited in the
ferrite and reflected from the interface. The superscript
f will refer to the fields in the ferrite, and the subscript
¢ will denote the tangential components.

i T,L(Enf)t = (Ao + Bo) (ETEM)t + z-: Bn(En)t (5)
Z Tn(ﬁnf)t = (Ao - BO)(HTEM)t - Z—:Bn(ﬁn)t (6)

n=1

We form the scalar product of both sides of (5) with
(Erem)* and integrate across S.

e 2 R»
2. T f f (Erem)*- (E) ordrdd
n=1 L] Ry

= (Ao -+ Bo) f:" fl:jz | (Eren). [2rdrdg.  (7)

The tangential component of the TEM electric field is
the 7 component.

d'rEO

(ETENI>2 = E, =

ejw t—yz

8
2@y ®

Eq. (8) is substituted into (7). We integrate the right-
hand side, and perform the ¢ integration on the left-
hand side.

il Be Ao+ B R

$ o @ = LI e B0 )

n=1 Ry ™ Ry
Since the tangential component of the TEM magnetic
field is. the ¢ component, which can be expressed as
Hy=E,/\/u/e, (0) leads to a similar result.

= By (* — B R
I p—— f (H.7)odr = (o~ Bo) Egln— . (10)
a=1 Mo Ry Mo 1

- I —

[H) €0

To find the vsymmetrical mode field expressions we
set # equal to zero in the equations in Appendix I.

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES

September
Therefore (Ef), and (H”)4 are
2
(B)r = — s E Si(C: Y/ (Sir) — C:Y/(S#)
=1
2 — —
(H)y = — joer D, S{C: V' (Sir) + C:¥(Sr)). (11)

i=1

Egs. (11) show that (H')4= [jwe;/vs 1(EF),. Therefore,
(9) and (10) can be written in terms of the integral,

R

I, = (E,7).dr.
By

d A0+ B R

S TWE, = ot Bo) Egln—

n=1 T 1
i we 4,— B R
ST ]—iEo n=(_°__‘2 2o — - (12)
n=1 s Mo 1

2 —

€0

Since this problem leads to an infinite set of simultane-
ous linear equations [9], we shall make an approxima-
tion by neglecting all modes in the ferrite except the
quasi-TEM mode. The results obtained by applying the
approximate form of the reflection coefficient to experi-
mental data are consistent with independent measure-
ments of the wavelength in a ferrite-filled transmission
cavity.

Solving for 4, yields

. Mo 1\
wEe —
T1[1 1 Jeer €9 |
Ao = 7 | + { (13)
2
27TE() In — ’)/f27rE In —
L 1 "R J
and solving for By yields
{ . m
WE —
Tl 1 gl 7
0 = - (14)

)
|
tzEle 2E1R2[.
T n— Ly n—
0 . Vs 0 R1J

The approximate reflection coefficient R, is given by
the ratio of By to A..

 Jey to
vr
Ry = (15)
we
L e
¢ €9

Multiplying the numerator and denominator by v, and
dividing by jwv/uees, (15) becomes

Yin T Ve rel.
Yin + \/ej rel.
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Eq. (16) gives the approximate reflection coefficient
of the TEM mode from a plane ferrite-air interface for
the quasi-TEM mode in the ferrite. 7y, is the propaga-
tion constant of the mode in the ferrite normalized to
the propagation constant of the TEM mode in a coaxial
line filled with a dielectric with the same dielectric con-
stant as the ferrite. No assumptions have been made re-
regarding the losses in the development of (16).

We will now find the relationship between the real
and imaginary parts of the propagation constant and
the complex reflection coefficient. When losses are
present the propagation constant in the ferrite is given
by y=a-+jB. Dividing both sides by jwv/ue; and
normalizing « and B with respect to wv/ue; leads to

Yn = — jan + ,Bn' (17)
We substitute (17) into (16).
y= P Vet (18)
ﬂn 'l" \/er — Jan

When (18) is rationalized, the real and imaginary parts
of the TEM mode reflection coefficient are given by

2 2

R P et (19)

<6n + '\/er)2 + an2
. a_—\/e ' (20)

(6n + \/Er)2 _J(_ anz

Eq. (19) can be solved for a.
n2 & n TZR] 1z
an=i{ﬁ & — (8, + Ve) } 1)
R, -1

Substituting (21) into (20) and solving for B, leads to
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1 — R?— R2
Rzg + (-Rr - 1)2 “

Egs. (21) and (22) can be used to find the propaga-
tion constant of the quasi-TEM mode in a ferrite-filled
coaxial line by measuring the complex reflection co-
efficient of the TEM mode from a plane ferrite-air inter-
face.

e, (22)

n
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